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Mathematical discovery

Definitions Candidate theorems

r 4
1)
Modeling G

Proofs, counterexamples

Al for math: Automate conjecturing and proof



Scientific discovery

Hypothese

Al for science: Automate hypothesis generation and experiment

design



Key ideas

« Systematically search spaces of hypotheses, conjectures, and proofs
« Use prior knowledge to prioritize directions of search

« Learn, from experience, how and how not to search

» Discover abstract concepts and tools, speeding up both search and learning.

This talk: LLM agents with all four capabilities.



Al for Mathematical Discovery




Are neural networks all you

Math-related
web documents

=

Problems w/ step-

by-step solutions
Problems w/ tool-
integrated solutions

= =

LLM pretrained Base math Finetuned Tool-

on text and code LLM

math LLM integrated
math LLM

heed?

Problem: Suppose that the sum of the squares of two
complex numbers x and y is 7, and the sum of their cubes
is 10. List all possible values for x + y, separated by
commas.

Solution: Let’'s use 'sympy’ to calculate and print all
possible values for x + y.

del possible_values():
X, ¥ = synbols("x y*]
eql = Eqix+=2 + y#x2, 7}
eq2 = Eqix#=3 + y+%3, 19)
solutions = solve{(eql, eq2}, (x, y})
return [simplify(sol(®]) + solll]) for sol in solutions]

printipossible_values(})

P >>5[5,-5,1,1, 4, 4]

Removing duplicates, the possible values for x + y are
\boxed{-5, 1, 4}

Fleureau et al. “How NuminaMath Won the 1st AIMO Progress Prize”

2024




Are neural networks all you need?

A2 For which real polynomials p is there a real polynomial
g such that

Putnam 2024, Problem A2 p(p(x) —x = (p(x) — x)q(x)

for all real x?

Raal Polynomial So'utions o Functicnal
Equetion

Answer: The only solutone are ingar polynomials. Specifically a real polynomial p satis es the gives

Response frOm OpenAI 01 zquation i and anly if p is 5* ane af the follovAng forms:

1. p(x) = = + ctorary realc and
« Ife=(,then n(z) = x and any polynomial § works
« Ifc £ 0, then g(x) must be the constant poynomial g(z) — 2.

2 p(xr) = —xz+ btararyresl b and intris cass, a(x) =0

No othwer polyncmial p works.




Weaknesses of the neural-only approach

Data scarcity
* Need traces or reward functions that enable rigorous mathematical reasoning

 This is difficult beyond high-school or competition settings.

Lack of verifiability
* Natural-language reasoning is hard to verify
* In applications like system verification, edge cases are especially critical.

{ Open question: Will scaling solve these problems? }




Alternative: Formal representations

Informal Problem Formal Problem
Statement Statement
“Prove that if a number is t(he'f e
even, its square is even as L k520
well” ‘ ‘
N
Neural Neural prover
autoformalizer
Moo
'l 'l @
Formal
Formal Problem beqin QED!
Statement i::_L:Oth' . . prOOf -
| o SR emees assistant
thecrem mod_aritnh_2 !
(x : N) : x 382 =0 rw nat.zero_mul,

S (x2 x) 52 =0 refl,



Example: Formal Representations

theorem mod_arith_ 2
(x : N) : x % 2=00>-(x*X) %2 =20 :=
begin

- intrO h ’ { f%’Accomplished

m) rw nat.mul mod,

e x%2=06__, . ., _
#rw h, 53232 8x252) %8327
=) rwv nat.zero mul,

m) refl,

) cn

Q,




Autoformalization

’ W TR S T S R TR TR TR TR TR TR S S S S RS TR TR RS R S e e . ‘
s \
T T e - ————— - - -- . . / 1
’ \ | Formal theorem (and proof) — 1
I I |
I Informal math ; I !
I | I  theorem exists_infinite_primes (n : W) : 3 p, n=p A Prime p := I
! | | let p := minFac (n ! + 1) |
~ . ' aof SUcC . fac Ds |
: Theorem 1. There erisis an infinite number of primes. | : have f1 : : . +1=1 ;_an_a ;Qt :] suce_1t_succ <| factorial_pos _ |
| have pp : Prime p := minFac_prime
I Proof. Let n be an arbitrary positive integer, and let | :> | hNAve np : N < p = |
I p<Z7 beaprime factor of !+ 1. We can derive p > n | 1 le_of_not_ge fun h = |
| by noting that n! =1 cannot be divided by positive | I have hy : p | n ! := dvd_factorial (minFac_pos _) h I
) nbegers from 3 o 0 5'[““." is arbitrary, we h“’g ) [ have h: : p | 1 := (Nat.dvd_add_iff_right h.).2 (minFac_dvd ) |
\ proved that the pumber of primes s infimite. ’ I pp. not_dvd_one ha I
N e e e — e - V' (p, Mo, pp! f
\ /
~ -
L N T T T T T T T TTT"STST"TT"ST"ST""S““""“-’=">B =S -

[Figure from Formal Mathematical Reasoning: A New Frontier in Al. Yang et al. -



Neural Theorem Proving

N
665\ «’
\0
, &
n:N rw [ih]
~add00=0 Q ih:addOn’=n’ 7 >
-~ add 0 (n'+1) = Oa,%
n:N n'+1
ih:addOn’=n’
Q - add 0 (n+1) =
S 1 .
& '+ Tactic \
S : .
$ hadd 0= generation
-add00=0 - add 0 (n'+1) = U e _
n:N cases n , é ( ) @ | 5|m;-) [add, |h?
—add0On=n TN LBdal context + ' rw [ih] !
— add 0 (n+1) = | goal | linarith |
Q{—/ n’+1 ‘\: ::’ "v’ll """""""
%, Language Tactic
model suggestion
n:N S
- false @rmal math library /

[Figure from Formal Mathematical Reasoning: A New Frontier in Al. Yang et al. .



Alphaproof: Reinforcement learning for
theorem-proving

Train
- |
Informal oo, E— Formal @ __ . Formal
problems RS =il problems e proofs
Formalizer Solver
~1M ~100M
network network
. AlphaZero .

« Learn from both successes (proofs) and failures (disproofs).
» Misformalized problems are still helpful for learning

« Complement RL training with test-time RL on problem variants.

Google DeepMind "Al achieves silver-medal standard solving International Mathematical Olympiad problems”,
2024.
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An In-Context Learning Agent for Formal
Theorem-Proving

Amitayush Thakur, George Tsoukalas, Yeming Wen, Jimmy Xin, Swarat Chaudhuri.
Conference on Language Models, 2024.
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Copra: LLM agents for formal theorem-proving

Immediately leverage advances in LLMs

New proof state s, ;
Error messages, new goals

Integrate natural-language and formal reasoning

-~
[ (<
~

O~
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| |L o |_

l )
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™ _:'4-"’

Applicable even if there is no corpus of training problen

'l‘_\_ :
Gemini /\

Frontier Proof
LLM assistant

Proof state s, U 1

Action (tactic) Answer
a; + Proof

In the longer run, source of traces for LLM finetuning.

Thakur, Tsoukalas, Wen, Xin, and Chaudhuri. An In-Context Learning Agent for Formal Theorem-Proving. COLM 2024.
https://arxiv.org/pdi/2310.04353.pdf.



https://arxiv.org/pdf/2310.04353.pdf

Copra: Theorem-proving via in-context learning

=/ € 3. “Execute” A L3N
- | 1. Prompt @ 2. Tactic ' the tactic via
. | Synthesis Parsing proof »

environment
N J

[ Lemma Database }

. Augment\ [ Feedback }

the prompt;

5. Query lemma Backtrack if | |
database needed QED




Prompting and action parsing

Serialized
Proof State

Stack &
Failure
Dictionary

Interaction
Result

LLM
Response

[SUCCESS)

Query #1

[GOALS)

[GOAL] 1

Xx*x%2=0
[HYPOTHESES)
HYFOTHESIS) x : ¥
[HYFOTHF.SIS h:x%2=0

ILAST STEP] [STBPSJ

intro h, STEP]intro h,

[LAST STEP)
rwh,

[ERROR MESSAGE]

[END) Got errorin rwh,”

error: rewrite tactic failed,

dic not find instance of

the pattern in the

target expression
x¥%2

[ENL]

Query #2
[RUN TACTIC] | [RUN TACTI

rwh, apply nat.mul_mod_right.
[END)

(ENE)

STEPS

[STEP] intro h,

[INCORRECT STEPS]
[STEP] rwh,

[LAST STEP)
apply nat.mul_mod_nght,

[ERROR MESSAGE])

Geterror in

'apply

nat.mul_mod_right':

error: invelid apply :actic,

failed o unify
X*x%2=0

with
2m_1*?m_2%?m_1 =0

[END)

Query #3

| [RUN TACTIC]

rw nat.mul_mod.

(END]

[GOALS)

[GOAL] 1
X%2%(x%2)%2=0
[HYPOTHESES] 1
HYPOTHESIS] x ;
[lwmmms h:x%2=0

[S'I'EFS]

STEF] :ntro h,

[LAST STEF]
rw nat.mul_mod,

[SUCCESS)

[END)]

Query #4

[RUN TACTIC)
rwh

[END)



Copra vs. GPT-4

theorem mod_arith_2
(x ¢+ N) : x % 2 =0
— (% * x) % 2 =0

begin
intro h,
rw nat.mul_mcd,
rw h,
rw nat.zerc_mul,
refl,

end

A Lean theorem and a correct
Copra-generated proof

Deqgin
intro h,
have hl : x = 2 » (x [/ 2)
:= (nat.mul_div_cancel' h) .symm,
rw hl,
rw nat.mul_div_assoc _
(show 2 | 2, from dvd_refl _),
rvw [mul_asscc, nat.mul_mecd_right],
ena

A wrong “proof” generated by GPT-4



Number of Theorems Proved

—
o
i

pass@1-with-n-queries

Evaluation on niciF2F-test

>
=
A

209

COPRA (GPT-4-turbo)
{with Retrieval)
ReProver

(with Retrieval)
COPRA (GPT-4 turbo)
{without Retrieval)
ReProver

{without Relrieval)

nass@ k

00 1ece w2000 %0 3OO0 00

Number of Queries (n)

. ) %
Approaet ¢ 1 (Timeout) | PTOVeC
Few-Shot (CodeLlama) 1 x 1(600) 0.0%
Few-Shot (GPT 3.5) 1 x 1(600) 28%
COFRA (CodeLlama) 1 % 500 (6C0) 5.73%
CuFRA (GPT-3.5) 1 x 60 (600) 9.02%
Few-Shat 1 % 1(600) 13.52%
Few-Shat (T" = 0.7) 60T % 1 (600) 15 YR
REFROVER (- Retneval) 1 x 1076 (600) 22 13%
COFRA (- Backtracking) 1 % 60 (600) 24 S9%
REPROVER I % 3751(600) | 25.00%
LLEMMA-34b 1 »~ 3200 (600) 25.82%
LLEMMA-7b 1 > 3200 (600) 26.23%
Corra 1 ~ 60 (60C) 26.63%
CoOPRA (+ Retrieval) 1 » 60 (60C) 29.09%
(C-i? l’ll:t‘:'ieval + Informal) L > 60(600) 2992%
CorrA L % 100 (1200) | 30.74%

(4 Retrieval + Informal)




Integrating natural-language and formal
reasoning

IMO 1959, Problem 1:

. 2ln+4 ., .
Prove that the fraction 14n+ 3 IS irreducible for every natural number n.
n

Idea: Break the problem into subproblems and solve hierarchically.



T amae that =ne frit a0

2In+4
1da+3

1. ASK for an informal SOIUtion v reeunive for eeay alural 1 umiber v, ae e Lo sl ow U e umera.sr =0 U Jenominielu

ave no v mon feclor oller iz =, O eflecl ve relbod iz Lo vse Uiz Budlidean g oun i Hee ore
The stecs
1. Define the Greztect Commnon JIvko~ (god]:
s

a—- :_s;.-.-':fhn 4 T4dn | &)

Qurgcal stoshowtratd — 1.

& bubtract > smpl Yy
CompJte Tme alffeence betwszen the nume=tor and the cenom naton

Give the steps to solve the following problem: (i1 + 4) — (14w + 8] — Tre+1.

Sinced zvides oo 21l + S and 1dn + 3, % st sko civ ce the'r difference:

2rove that the fractior $\frac{? Tn+4}{14n+3}$ is rreducible for ..
cvcry natura' nu -'nbcr $n$. OS-mInI <. Apply thr Judicoan Qgnathm

Naw ronciderhe ged e 140 | Aomd T | 1LAWW e cxnreas

d| ! Tu+10

ged(Zin+d, Wa +3)  zod(ldn =0 in+1)
Next s al=eascembineen of 140 + X2 70+ | Neoes e
1ne+3 -2Tu+1)—ldu+3—-1h. -2 - L
4. Cancluce that the god I 1

Since d owidzs ooon 140 + 3 3nd T = 1, T st zlsc dce any lirsar ccmisinzticn of thase

manvels npsltvk . ddvice §;
a1
hCCny posTMC CVizOrof S 15K, 50 wC conducathat
a |

Final Conc usiv

o

Betause Uie Cedbalcoomundiisun 210 — dand 1dm = Bis °, U laclionis ieooiv= o

evarv eiury nomtker n.

IR carnietes the ML



2. Split the theorem into relevant sub-goals

-- 1. Shcw taat god (21%r + 4) (18%n + 3) - goc (12*n + 3) (7*n
<hecrem god_sTepl (n @ N)
Nat.prd (21%n 1 &) (1£%n 2) -
Nat.god (180 + 3) (/*n + 1) = Dy
proct omilled
sorry
Now given this Icmma in Lean 4:
thecorcm imo_1959 _pl 7. Shea hal ped (14%0 0 2) (730 0 1) = ped (7¥n 0 1) 1

{n : ) ~hecrem god_s=zepz (n @ W) ¢
(hg : @ < n) : @ Mal.ged (14%0 + 3) (7%n + 1) -
» - e \ .
(21%5 1) (14%n + 1) 1 - by lat.prd (7*n + 10 1 - by
Nat.ged { _ n A= =L -- procl omitted
! aurry
areak 1 into sub-lemmas, don't try to write the proof, just write 03-

-- 4, Finally, gcd (/'n+ 1)1 -1

mlnl heorem y:tl Wloivps l.'l' : ‘“‘.f' :

Nat.gzd (/*n + 17 1 -1 - by

subgoals nccded to prove this. Writc a Lean 4 formal statemaent for
thc same

-- proct umilled

sorry

Main seorem, combinies Dhe ahove
<~hecrem imo_1939 pl (r : X} (he ! @ < n) !

Nat.god (21%n + A) (17%r + 3) - 1 - by



3. Ask Copra to solve the subproblems one by one.

-

Lheerem plpartl (no: X

Nat.ped (21% + £) (14% + 3)
Nat.ged (1é&*n + 3) (7% + 1)

theorem pl_part2 (n @ )
Mot.ged (14%n 1+ 3) (7*n 1 1) =
Mul.gud (7¥n v 13 1 := by

Lheorem pl_part3 {0 : N}
Mat.gcd (/*n + 1) 1 - 1

by

.- by

Y.

TN

Lheorem pl_partl (0 @ N
Nat_ged (2170 + 4) (14%n + 4) =
Nat_gzd (1d%n + 23) (7"n + 1) := by

bave 51 - 21 * o0 4 =14 *n0 23) 0 (7 Fna 1) := hy
ring
rw [h, add_comm, Wat.gcd_add_self_left, Mat.gcd_ccmm]

| 1=20rem pl_part2 (1 N
Mal.ged (14%n 0 2) (/%0 0 1) =
Mat.gcd (7*n+ 1) 1 : by

» nhave h : MM *n+3 2#*{(7*n+1)+1: by

ring
rw [h, add_comm, MNat.ged_sdd_sell_lelt, Nat.gcd_comm]
simp Nat.ped ore righT]

theorem pl_part3 (n : N) :

> Nat.gcd (7*n + 1) 1 - 1 :- by
exact Nat.gcd one_right (7 * n + 1)



4. Add all relevant lemmas already proved in the system
prompt, along with the informal proof.

necrem pl_partl (no: X

Nat.ped (21%n + £4) (14% + 3) =

Nat.ged (1&*n + 3) (7¥2 + 1) := by

have h : 22 *n+d (1 *n+3)+ 0 *n+1): by
theorom pl_part2 (n @ )

Mot.ged (1d“n 1+ 3) (7*n 1 1) = .
Nol.gud (7¥n 0 13 1 := by ‘rhu nm”rno _1959_pl1
Lheorem pl_part3 {n : N) : : W)
Mat.gcd (/*n + 1) 1 - 1 :- by [ COPRA |— * B < n)
”dL ged (21%n + 1) (14%n + 2) - 1 :- by
¢ [p1_part1, pl_part?, pl_part}]
thaparcm imo_1958_pl
(n : N)
(h- : 8 < n) :

Mat.ged (21%n + &) (14%n + 3) - 1 = by

03-mini cannot solve the problem after splitting it into subproblems.
* 03-mini hallucinated a lemma “Nat.gcd sub right” while writing the proof.
* Copra can fix this hallucination lemma using Lean feedback.



Application in Formal Verification

Formal verification:
 Mathematically model a system as a set of definitions

* Model system properties as theorems involving these definitions

* Prove the theorems



Example: Compiler Verification

Language: Syntax + semantics
- Syntax: A grammar defining the form of programs
- Semantics: Rules defining executions of programs,

Compiler: A set of rules translating programs from one language to another.

Verification: Prove that the rules preserve semantics.



1. Define the source language

Inductive binop : Set := Plus | Times.

Inductive exp : Set :=
Const : nat -> exp

| Binop : binop -> exp -> exp -> exp.

Definition binopDenote (b : binop) : nat -> nat -> nat :=
match b with

| Plus => plus

| Times => mult
end.

Fixpoint expDenote (e: exp) : nat :=
match e with
| Const n => n
| Binop b el e2 =>
(binopDenote b) (expDenote el) (expDenote e2)
end.



1. Define the source language

Inductive binop : Set := Plus | Times.

Inductive exp : Set :=
Const : nat -> exp

| Binop : binop -> exp -> exp -> exp.

Definition binopDenote (b : binop) : nat -> nat -> nat :=
match b with

| Plus => plus

| Times => mult
end.

Fixpoint expDenote (e: exp) : nat :=
match e with
| Const n => n
| Binop b el e2 =>
(binopDenote b) (expDenote el) (expDenote e2)
end.



1. Define the source language

Eval simpl in expDenote (Const 42).
Eval simpl in expDenote (Binop Plus (Const 2) (Const 2)).
Eval simpl in expDenote (Binop Times (Binop Plus (Const 2) (Const 2)) (Const 7)).



2. Define the target language

Inductive instr: Set :=
| iConst : nat -> instr
| iBinop : binop -> instr.

Definition prog := list instr.

Definition stack := list nat.

Definition instrDenote (i : instr) (s: stack): option stack :=
match i with
| iConst n => Some (n :: s)
| iBinop b =>
match s with
| argl :: arg2 :: s' => Some ((binopDenote b) argl arg2 :: s')
| _ => None
end
end.



2. Define the target language

Fixpoint progDenote (p : prog) (s: stack) : option stack :=
match p with
| nil => Some s
| i::p' =>
match instrDenote i s with
| None => None
| Some s' => progDenote p' s
end
end.

Eval simpl in progDenote (iConst 32:: iConst 42 :: iBinop Plus :: nil)
nil.



3. Define the compiler

Fixpoint compile (e : exp): prog :=
match e with
Const n => iConst n::nil
Binop b el e2 => compile e2 ++ compile el ++ iBinop b :: nil
end.

Eval simpl in compile (Binop Plus (Const 2) (Const 3)).



4. Define a correctness theorem

Theorem compile correct:
forall e, progDenote (compile e) nil = Some (expDenote e::nil).



5. Ask Copra to produce the proof

Theorem compile correct:
forall e, progDenote (compile e) nil = Some (expDenote e::nil).

Failure! X



5(a). Ask the LLM to invent a lemma

We want to prove the following theorem:
Theorem compile_correct:

forall e, progDenote (compile €) nil = Some (expDenote e::nil).

However, this is a difficult theorem to prove, and we need to

strengthen the inductive bias for it to work. Can you generate a
thearem/lemma which we can use to prove compile_correct?



5(a). Ask the LLM to invent a lemma

@  Thought for 7 seconds v

Yes, to prove compile_correct , we can strengthen the inductive hypothesis by generalizing the

theorem. Specifically, we can preve the following lemma:

coq (3 Copy code

Lenma compile_correct_aux: forall e s,

progDenote (compile ¢) s = Somc (cxpDenote ¢ :: 35).

This lemma states that for any e)pression e ard any stack s, running the compiled program of
e onstack s resultsinthe velue of e pushad onto s . Once we have this lemma, we can casily

prove compile_correct bysettng s to ril.

Alternatively, we can generalize even furtner by considerirg an additional program p that runs

after the compilac code:

coq (9 Copy code

Lenma compile_correct_gen: forall e p s,

progDenote (compile ¢ ++ p) s = progDenote g (expDencte ¢ :: =),



5(b). Sample a proposed lemma

Target theorem:

Theorem compile correct: forall e, progDenote (compile e) nil = Some (expDenote e::nil).

Auxiliary lemma:

Lemma compile one instr: forall e p s, progDenote (compile e ++ D)
s = progDenote p (expDenote e :: s).



5(c). Auto-generate proof of compile one instr

Lemma compile one instr : forall e p s, progDenote (compile e ++
p) s = progDenote p (expDenote e :: s).
Proof.

induction e using exp ind.

intros p s.

unfold progDenote, compile, expDenote.

simpl.

reflexivity.

intros p s.

simpl.

rewrite app assoc reverse.

rewrite <- app assoc.

rewrite IHe2.

rewrite IHel.

reflexivity.
Qed.



5(d). Now auto-generate the proof of compile correct

Theorem compile correct : forall e, progDenote (compile e) nil =
Some (expDenote e::nil).
Proof.

destruct e.

- simpl. reflexivity.

- simpl. rewrite compile one instr. rewrite compile one instr.
reflexivity.
Qed.



Summary: Mathematical Discovery with LLM Agents

Language is an extraordinary powerful tool for mathematical reasoning.

Frontier LLMs can prove nontrivial formal theorems with proof assistant feedback.

Future work should expand these ideas in conjecturing and modeling tasks.

/

\_

Question: Can prover-LLM interaction be entirely pushed to training
time?
* The prover teaches the LLM student about compositionality, type-safety,...

« Eventually, the teacher “retires”.

\




Open Challenges and Future Directions

Formal Mathematical Reasoning:
A New Frontier in Al

Kalyu Yang’, Gabriel Poesia’, Jingxuan He®,
Wenda LI*, Kristin Lauter-, Swarat Chaudhuri®, Dawn Song® .
'Meta FALR, *Stenford Uriversity, 'UC Beckeley, *University of Ecmburgh, LT Austin https://arxiv.org/abs/2412.16075
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https://arxiv.org/abs/2412.16075

Open Challenges and Future Directions

Overcoming the shortage of high-quality proof data

 Strategies: Synthetic data, multilingual data, crowdsourcing

BT T L Y

[Trinh et al., Alphageometry] [Thakur et al., Proofwala]



Open Challenges and Future Directions

Autoformalization, which is hard due to insufficient high-quality paired data

 Strategies: Formalization with proof assistant feedback

Natural Language Forma Language Lean 4 Compiler

[Swtament): [Inported Fheorem Env]: e
Ghen two mon-negaive real rumbers. prove that taking the real numbes [ s

miNmem of the two by considering them as Soth non-regative real numbers is
200 : Monctene ((7) : 120 =

the same as taking he minimum of the two by only corsigening them as both orma H
red rumbers., R):w - - i
f "> NAReol. -
: e Compiled Feedback

Proof]:
!.Otnnt-oomﬁq-on. roal oumbers, “x" end Tyt o Kt BVCRY ;. erTOr -

We can consider them an no=-mgative real rumbers,; [ “-’"‘1: . ‘por’s {ne’; 613, ‘column’; 3),

We can also conider them as regular real numbers., (ot (x < R20)y = ) : K) = ooies fx ¢ ) ‘erdPos’: {ne ‘.-1:; colurmn’: 26),

- dela’: "type mismatth
x.mmmmnmmmomwmw 4 »'4:««.:.:«; Mag min Coe_mMmeno has type
25 3 real number, the order relationshp between "x° 3ad 'y remains the same (i T, 78355 T, 78356) = min 17
whither we view them as non-negathe real numbaers o real bers. ( - m.T8355 17m 7835¢ : Prop

Proof] Dot IS expected to have tvoe
3. Because this order is preserved, the minimum of “x” and “y' is the same. PUPRUULITRSRU P o min (Tx) y = min (1x) y * Prog
A ! .
| | v
Infermalization rocess-Driven Autobrmelization | | Compiler-Guided
— P e o alon | ! Process Annotation
& ﬁ IStatement & Proef]:
theorem coe_min |
((mn(x:R20y:R):R)=mia(x:R)
b=
: LS NNReal, coe_meno,map_min
' . [ S ™) Cample sve
Mathlib4 Library Verified Formal Language |
[Strtement]: [Statement): ’ R i
theorem coe_mis (xy : R20) theorem coe_min (x y 0:
((mén x y ; R20) : R) = min (x 2 1) (y : R) i ((mn x y = R20) : R) = min {x : K) (y 2 R) 1o Process-Supervised Verifier

2
B (oot D ‘5% D %S [Lu et al., Process-Driven Autoformalization]

NNReal coe_meno. map_min NNRe . coe_mono. mag_min




Open Challenges and Future Directions

Conjeturing and open-ended exploration

Strategy: Self-play between a conjecturer and a prover

Conjecturing /—\‘ Theorem Proving
m Proof Search (MCTS)

1 |Conjecture 2 ---
0 AL
: %éb
Conysture N © Wn,m:nat).n=1+m :

La e
i k—/ Naw training data for Policy + Value + Conjecturing

Conjecture 1 - (1 +14+0)=(L+1+0)

Conjecture 2 Yin ), 04+n)=n

[Poesia et al., Minimo]



Al for Scientific Discovery




Lifecycle of a scientific process

) . - ( g ) - Domain
World @ Scientific Process - R Knowledge
L

Iterative
Choose Generate » EXperimental » Analysis » Interpretation » Reportto
Research * Hypothesis Setup / Community

Question Data Collection



Lifecycle of a scientific process

) . - ( g ) - Domain
World @ Scientific Process ) ~ Knowledge
L

terative
Choose Generate _| » EXperimental > alvsis > , bt > REPOITto
Research — * |Hypothesis Setup / Analy interpretatior Community
Question Data Collection
T .
S— ‘:\ . : Problem: Apparent Retrograde Planetary Motion
N\ T
‘\‘ ‘ . . .
e Theory: Heliocentric Model
Pt
" e
ath A
~

c. The Astronomical Revolution: Copernicus- Kepler-Borelli



Lifecycle of a scientific process

World . - :@: Domain
Scientific Process Knowledge
L
terative
Choose Generate._, Experimental } _, Analysis —— |nterpretation —— Report tor
Research * Hypothesis Setup / Community
Question Data Collection
ol 1 ’
50 l" \ J\ ) \ "|' "|l f |"l l"'f'(
sraed | ! '| ;‘ ||: ’| || L' ' 5 | ;H' ﬁ| | I' | 9;
010'4' | § | * | 1! ' ' - . .
pe il ‘J W 5#, R S SRR L Data Collection: Sample data in regime of
) [ 11 | ' | l .
b RRIRE R IR RS R A ER( AR interest.
e l" o @ i 'uﬁ \ \j)!
S0ed | || |'l \| | 4/ | |
J v \ , W | \f ¥ \ \
-f‘::‘ L] " i
: @'pr c:‘; R .:v“T \'d"'. .'a‘; a”'; ..s‘ﬁ'.T ,:,’-": o W \u';" .,-?J @Q‘: G a”g

Tycho Brahe’s observations of the planet Mars
(1582-1600)

c. The Astronomical Revolution: Copernicus- Kepler-Borelli



Lifecycle of a scientific process

) . - { g ) - Domain
World @ Scientific Process ) R Knowledge
N g s ¥

terative
~ ~ | —— ——
Choose Generate'_, Experimental Analysis —}— Interpretation —— Report toA
Research * Hypothesis Setup / Community
Question Data Collection

Analysis: Kepler’s Third
Law

T2 o 1

c. The Astronomical Revolution: Copernicus- Kepler-Borelli



Lifecycle of a scientific process

) . - { g ) - Domain
World @ Scientific Process ) " Kn owledge

o
terative
— e — ——
Choose Generate » EXperimental R \alvsis sreretation > REPOITto
Research —  © Hypothesis Setup / Analy interpretatior Community
Question Data Collection
Analysis: Kepler’s Third Interpretation: Newton’s Law of Gravitation
Law 5
‘ ‘ 27\ ° M
2 3 i N WL
T cx 7 — LA Ee

c. The Astronomical Revolution: Copernicus- Kepler-Borelli



Symbolic regression

. . - - Domain
World Scientific Process - g -
Knowledge
L
Iterative
———

Choose Generate __ |Experimental ___ Analysis |—— Interpretation —— Report to

Research * Hypothesis Setup / Community

Question Data Collection

+ Declinatior, B

430°

25

"1

s\
| 1%\ /\v. I

>

2544

N

U 1

| ] 1 1]

Yoar =

Kepler’s Third Law

T? x 13

c. The Astronomical Revolution: Copernicus- Kepler-Borelli



Symbolic regression algorithms

c. PySR. Miles Cranmer



Symbolic Regression with PySR

Credit: Miles Cranmer



Symbolic Regression’s impact
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Sketch of PySR’s Exploration Space

e 3

,u+ Independent “islands” of
w Y Y expressions, each
A, .. Tf undergoing evolution

Insight: LLMs can increase exploration in relevant parts of the search
space.




LaSR: Symbolic Regression with a
Learned Concept Library

Arya Grayeli*, Atharva Sehgal*, Omar Costilla-Reyes, Miles Cranmer, Swarat Chaudhuri.
Neural Information Processing Systems, 2024.

https://trishullab.github.io/lasr-web



https://trishullab.github.io/lasr-web

What is a Concept?
Desiderata 1: Symbolic Abstraction

Zipf’s Law Moore’s Law Arrhenius’ Equation
16070 o :
14000 ey L0
12000 e AN 2
10000 § 1 5200
8300 | £ 4200
6000 g v 3 500
420 S et -
" 1 .
2000 : lid. nn
) - ——— 1 g
J " . : u v
_ . 1w L w3 007 06 s 27N 2 Zan nn nNr
L g3 FURRE EIESREZ IR0 TITI0ESe resk ;
32 5 ey 5“_‘ zZ é’ngga :vz:%g&% 32‘%5 Temperaturs (K)
n ' =

Yy = ax” + € =“Power Law Trend”



What is a Concept?
Desiderata Il : Symbolic Guidance

gt — Predicted LIGO Hanford
B 10
' o 0.5 |
—
£ 97
£ -0.5- u
“.1.0- “
[Concepts (by Physicist or LLM)] i 2G 1 82Q
“Wave strain diminishes as > C4 T 8752
distance increases” Guide the
Wave strain has e).(traoidmar/ly search for h: strain
small magnitude r: distance between the poles

Q: dipole moment



Joint concept and program learning

Given

A universe C of concepts
*  “Wave strain diminishes as distance increases”, “power laws”, “sinusoidal functions”

A dataset D

A space of programmatic hypotheses =

Solve

arg max p(m, C|D) = argmax p(D|r) -p(w|C)- p(C)
7,C v/ G A
By execution ByLLM ByLLM



Hypothesis Evolution

LaSR

Concept Evolution ~ —— —

Concept Abstraction = ———

Hypothesis
Evolution

£\

Concept Litxary

(e1)(e2)(cs)

* w
Concept Concept
Evolution Abstraction




Hypothesis Evolution
. Best
LaS R S Dataset e Hypothesis pr LLM Evolution
=N ibrary . id |
I, m} provides neura
— prm guidance (over a
| Symboli LLM . .
H2 > [ E\);gl]ut(i)oﬁ J [ Evolution J ] 71-2 |anguage pI’IOI')
' ‘ , *
11 3 For 106 operations 7T3
— Concept Evolution ~ ——— ——  Concept Abstraction ———

Hypothesis
Evolution

£\

[ ) [cznnz@]
* w

Concept Concept
Evolution Abstraction




Hypothesis Evolution

Mutation

Symbolic B
Mutation

Crossover
Symbolic ]
Program Crossover
Population Best Program

Other Symbolic Operations

Optimize N |
[ e EEE }[ Simplify Tree }

Initialization
> — >
Symbolic Initialize I I 1

[ ,
X300 times L Replace Oldest J‘




Hypothesis Evolution

Mutation

[ Symbqlic } or [ LLM Mutation }
Mutation

/ Crossover

Symbolic } or [ LLM Crossover }

Program Crossover

Population Best Program

Initialization
» —_— Evaluate >
Symbolic Initialize | or LLM Initialize ]_

[ ,
X300 times L Replace Oldest J‘

Other Symbolic Operations

Optimize N |
[ Constants }[ Simplify Tree }




Hypothesis Evolution

Concept Library

Initialization

[Symbolic lnitialize] or [ LLM Initialize }

Program
Population

Best Program

(

X300 times

L

Replace Oldest

|

Mutation
[ Symbqlic } or [ LLM Mutation }
Mutation
Crossover
Symbolic } or [ LLM Crossover }
Crossover

Other Symbolic Operations

|

Optimize
Constants

}[ Simplify Tree }

“
<



import random

def crossover(

exprl: SymTree,

expr2: SymTree) —> SymTree:
# Randomly choose a node in exprl to
remove

# Randomly choose a node in expr2
which will be added to eql

# Return new tree
new_expr = ...
return new_expr




You are a helpful assistant that recombines two mathematical expressions by following a few

provided suggestions. You will be given three suggestions and two expressions to recombine,

(System)

Header An expression must consist of the fallowing variables: {{variables}}. All constants will be
represented with the symbol C. Each expression will only use these operators:
{{operators}}.

Suggestion 1: {{assump1}}

Suggestion 2: {{assump2}}

Suggestion 3: {{assump3}}
(U se r) Expression 1: {{expr1}}
Crossover Expression 2: {{expr2}}
Prompt Propose {{N}} expressions that would be appropriate given the suggestions and
expressions. Provide short commentary for each of your decisions. End with a JSON list that
enumerates the proposed expressions following this format;

T 7json
(User) ["expr®,

JSON "expr2",
Formatting T

. "expr{{N}}"
Instructions




LaSR

Hypothesis Evolution
P”g’gs’g‘tfjr"z Dataset Concept Hypot?lzssti_s per
Library Population -
;Hl\ 'Wf LLM Abstraction
— ,_\‘—*’ induces useful”
— Symbolic LLM — .

115 ’[ Evolution }[ Evolution J " T2 abstractions.
—

(—\ )

11 3 For 106 operations ﬂ-g

— —

Concept Evolution ~ ——— ——  Concept Abstraction ———

Hypothesis
Evolution

£\

[ Concept Litxary

[E)E2)

* A
Concept Concept
Evolution Abstraction

5

1y (e‘f_

LLM Abstraction }(—

v

“exponential growth/

decay”




Hypothesis Evolution
LaSR
Populations Dataset Librarp yFl?cc))putlaas’clisor?er
? y .
T
LLM Concept 1 (Gl
é )
Crossover I, Symbolic LLM — 71-*
2 Evolution or Evolution 2
evolves all — —
*
conce ptS . H3 For 106 operations g
— —
Concept Evolution Concept Abstraction
C “exponential growth/
" l decay” HypotheSIS = qV
Py Evolution I = IO ( ekl ) il L‘J
| )'( | A
p 1
C t Lib
C3 e o | oncept Library
temperature” [c1)(e2)(¢s)( 4]

T

LLM Concept Crossover }

v

C 4 Boltzmann

4

Distribution’

* A2
Concept Concept
Evolution Abstraction

[ LLM Abstraction

}.

v

C “exponential growth/
1 decay”




Sketch of Search Space After Phase 1
“Islands” of expressions



Sketch of Search Space

After Phase 2:
Concepts for each “Island”



Sketch of Search Space

After Phase 2:
Concepts expose unknown
islands



Sketch of Search Space After Phase 3-

Concepts expose new
concepts.

expla Y)rmunap EXpOnentiaI

: . Trends
r i \ ’.ﬂ
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Trignometric a2 S -
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LaSR: Overall Performance

_ GPlearn  AFP  AFP-FE  DSR uDSR  AlFeynman PySR  LaSR
 Concept G'U|d_ance 20100 24/100  26/100  23/100 40/100  38/100  59/100 72/100
accelerates discovery.

Table 1: Results on 100 Feynman equations from [47]. We report exact match sclve rate for all
models. LASR achieves the best exact match solve raie using the same hyperparameters as PySR.

LASR (Llama3-8B) LASR (GPT-3.5)
[ ]
LaSR OUtperformS PySR ev Typeof Solve DIySR p—1% p=5% p=10% p=1%
with local language models Exact Solve  59/100 67/100 69100  71/100 721100
llama-3-7b. 1° Almost Solve 7100 S/100 /100 2/100 3/100
(llama-3-7b, 1%) Close 16100 9/100 12100 12/100 10100
NotClose  1%100  19/100 13100  16/100 15/100

Tablc 2: Evaluation results on Feynman datasct by cascading LASR’s LLM backbone (llama3-8b,
gpt-3.5-turbo) and changing the probability of calling the model (p = [0.01. 0.05, 0.10]) in the order

of increasing concept guidance. LASR outperforms PvSR even with minimzl concept guidance using
an open-source LLM.



Human-provided hints

100
Tasks
# —— Llama3 - 0.1% - Hints
2 gg- —— Llama3-0.1%
. —— PySR
<
5
User-provided s
hints accelerate 3
hypothesis search @ 4
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e
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Example: Coulomb’s Law

I q1g2
>

F_

Ame 71

Eq 10: Coulomb's Law
* Inverse Square Law

* Directly proportional to
charges

* Force symmetric w.r.t
charges

. sin( Y uLT ) ' '
(((((((wim) - ( c';‘;‘f(';-f;."))) -"'0'712) "h) '0.087) <) -0.191)
F =

r

PySR’s Solution

« Reduces to ground truth after 10 steps of
simplification.

« Unwieldly

* Fitting more constants => more optimization
errors



Coulomb’s Law

F= n  0.07957782
F 1 Ql q~2 (2) (7‘ + l.’-)l.?s'lﬁl::.j)x]l]‘-‘) c 2
e p _ q1 1 e
471_6 I.Z = (;) (7‘ N 1.91516‘:}':3;-:11')‘5) ) g (Substitute constant)
- ( ]q?:lqi{_ . r) % (Simplify denominator)
(g~ 125 l'.‘2'|'< )~ € 45y
Eq 10: Coulomb's Law ne 1 o
o _f' . - (.\'egligihle. 1.91&16;‘.;(.):(11] =~ (1)
* Inverse Square Law r{rje 4m :
* Directly proportional to LaSR’s Solution
charges
. Force svmmetric w.rt * Reduces to ground truth after 4 steps of
y o simplification
charges

« Smaller models synthesize simpler equations!



Coulomb’s law

Iteration Discovered Concept

1 ql Q'Z 2 The good mathematical expressions exhibit [...] with a
F — 5 focus on power functions and trigonometric functions
dme 71 [

6 The good mathematical expressions exhibit [...]
symmetry or regularity |[...]

Eq 10: Coulomb's Law 24 The good mathematical expressions have [...] with a
e Inverse Squ are Law specific pattern of division and multiplication

. Directly proportional to LaSR’s Concepts (Limitations)
charges « Cannot guarantee factuality or correctness.

« Force symmetric w.r.t * Good concepts depend on LLM training.
charges Concepts can mislead scientists.



Finding LLM Scaling Laws

Step 1: Postulate Scaling L(N,D) = I 3 + E
Na D7 R
LaW e W N~ irredncible

[inite model finite data

v

Google DeepMind MassiveText

Step 2: Measure model
loss w.r.t hyper

parameters. v
. . 406.4 410.7
Step 3: Fit scaling law to L(N,D)— — + —— + 1.69
N 0.34 Ju.28 -’
dataset N’ N’ irreducible

finite model finite data

Training Compute-Optimal Large Language Models, Hoffman et. al



Finding LLM Scaling Laws with LaSR

Step 1: Measure model loss Gooale DeeoMind BIG-Bench
oogle DeepMin -Benc
w.r.t hyper parameters. (204 tasks, 55 LLMs, )

Step 2: Use symbolic regression
to postulate and fit scaling laws

Step 3: Choose the scaling law

that fits the data the best while score — A + E

using the least parameters. (trainésteps)”sms

Training Compute-Optimal Large Language Models, Hoffman
et al



LLM Scaling Law

y = (04& +0.363219 for different values of n (shots)
1P e A00)

0.5
Number of Shats (n)
— = ]
r-'- 3 ——N- '_:.
— =5
E — = 7
8 0.4
L3
g
3 0.3
]
B e /
802 ra /
3 4
0.1 ’/"
J
0.0 /
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

Training Steps [steps x 10%)

* Alarge number of shots gives poor results for low-capability models

* Once the models pass a capability threshold, having more shots helps



Qualitative Traits

* Interaction between training hyper params (#steps) and testing hyper params
(#shots) A

score = (train_steps)#Sh“s +E
B
° PO Y S o ) FI- -] | [PEGD- F - D [ D S B
W A B o
score = - — g + L (Chinchilla [22])
(train_steps - batch_size) (#params)’
score = £ —oots T B — + £ (Modified Chinchilla)
(train_steps - batch_size)" " (#params)’
Scaling Law Skeleton MSE Loss Free Parameters
Equation |4 0.03655 £ 0.00281 3
Chinchilla [22]] 0.03664 £ (0.00283 5
Modified Chinchilla 0.03655 + 0.00280 5
/ 0.09324 + ().01992 1




Self-Evolving Visual Concept Library
Using Vision-Language Critics

Atharva Sehgal, Patrick Yuan, Ziniu Hu, Yisong Yue, Jennifer J Sun, Swarat Chaudhuri.
Computer Vision and Pattern Recognition, 2025.

/ gn’ |
/ ’

Atharva




Zero-shot transfer learning with VLMs

Identify the adult bald eagle

|dentify the ever given.

[Menon & Vondrick, ICLR 2023]



Classification with visual concept descriptors

\ \
Large wings )
Large beak
—— LLM |  white head —— VLM
Black body
J
/ /
Identify the adult bald eagle
\ \

Container ship
- LLM Evergreen —1 VLM
Stacked containers

- - . -7 -
X

/ /

Identify the ever given. [Menon & Vondrick, ICLR 2023]



Concept descriptors can be used to write code

def is eagle(image) :
image patch = ImagePatch (image)
if not image patch.exists('bird'):
return 'no'
eagle patch = image patch.find('bird') [0]
eagle features = |
"large wings",

"large beak",

> "white head",
"black body"
]

p eagle = 0.0

for feature in eagle features:

p _eagle += eagle patch.exists (feature)

p_eagle /= len(eagle features)

return 'yes' if p eagle >= 0.75 else 'no'

4

Is this an image of an adult

GPT

bald eagle?

.




Concept Refinement with Evolution

What is this picture? ' |
o | Prompts Concept | Qurpurs
| whar does —— J Hole in center- — |
[ a donut Glazzd ‘_slurface Output:
look like? essert ; I -
| LLM VLM Beignet
W’:m_ goes Fried pasiry |
| abegoe SUgar ccating
| look like? pastry |
: I

L BN N B B S B G B G e e e ..
Prior Work: Concept-bottleneck visual recognition
a beignat («)?



Concept Refinement with Evolution

S R SRR R SRR SRR R SRR SRR R R e e ey

What is this picture?

: |

| Prompts Concept | Qutputs

| whar does Hole in center — |

|  adonut Glazzd 3u:face Output:
look like? essert F ! i

I . uM | > M | — Beignet
Whar does Fried pasiry !

| abegoet Sugar ccating ]__I

| look like? g pastry |

I !

|

e E  E E T E s
: ' Prior Work: Concept-bottleneck visual recognition
a beignat («)?
Cvolved Conceots Outputs
|- O \ir -1/ | Hale in center
: H ( | \ .
I sensitive | sensitive | *** Circular shape Donut
| Work | Work
Feedback Feedback »
i | I . Fried pastry o
b Sl g SHEAT crAling
puffy texture
Cancepr Library |

Ours: Self-Evolving Visual Concept Library

VLM evaluates the similarity
between each image and its
associated concepts
compared to other images,
and computes a contrastive
score.

This score is used to refine the
library of visual concepts.



Sample Result

With no iterations, the baseline : After iteration with ESCHER,

This is a Male confuses this for an Female While the true das".’ ha? the baseline correctly predicts

Ring-necked pheasant. Ring-necked pheasant lower aggregate activation this to be a Male Ring-necked
because: because:

pheasant because:
werooe [ - meron- [IESE
T NIRRT Lud— diz 2ol wonles oy arouad Wi ek

saartar tal taath ars corpered 1o the

male ring rocked phessanl loag, poin all feather: matallkc green head ard peck
. brown or tan teathess wizh black and el Foves sl 'wia Ll - 2054
: while merkings ; toatrmng walking matior =

0
leng painter tafl feothers € 2833 yollow ar orange legs and tml Coming, porisabesed Ll Sl ._.

disliomed wliile: cie g oy aned U 2958




Summary: LLM Agents for Empirical Discovery

LLM-directed evolution is a powerful tool for empirical scientific discovery.

Frontier LLMs inject prior world knowledge into mutation/crossover
operators.

LLMs can be used to learn abstract concepts that accelerate evolution.

All this can be applied to settings with visual inputs as well.



Open Challenges

Hypothesis and concept verification
Concept representations beyond natural language
Scaling to larger search spaces and input dimensions

Going beyond hypothesis generation to experiment design



Scientific discovery

Hypothese

LLM agents are extraordinarily powerful tools for scientific discovery.



Mathematical discovery

Definitions Candidate theorems

r 4
1)
Modeling G

Proofs, counterexamples

Al for math: Automate conjecturing and proof



Collaborators and Funders




